We construct the Nahm transform from finite energy instantons on the product of a real line R and a three dimensional torus T 3 to Dirac-type singular monopoles on the dual torusT 3 . Moreover, we show the correspondence between the data which handle the asymptotic behavior of instantons at infty and one of monopoles at singular points.
Introduction
Set T 3 := R 3 /Λ 3 , where Λ 3 ⊂ R 3 is a lattice of R 3 . Let (V, h) be a Hermitian vector bundle on R × T 3 and A be a connection on (V, h). The triple (V, h, A) is called an instanton on R × T 3 if its curvature F (A) satisfies the ASD equation F (A) = − * F (A). Additionally, an instanton (V, h, A) on R × T 3 is L 2 -finite if it satisfies the finite energy condition |F (A)| ∈ L 2 (R × T 3 ). LetT 3 be the dual torus of T 3 i.e.T 3 = Hom(R 3 , R)/Λ * 3 , where Λ * 3 = {ξ ∈ Hom(R 3 , R) | ξ(Λ 3 ) ⊂ Z} is the dual subgroup of Λ 3 . Let Z ⊂T 3 be a finite subset. Let (V ,ĥ,Â) be a Hermitian vector bundle with a connection onT 3 \Z. LetΦ be a skew-Hermitian section of End(V ) onT 3 \Z. The tuple (V ,ĥ,Â,Φ) is said to be a monopole onT 3 \Z if it satisfies the Bogomolny equation F (Â) = * ∇Â(Φ). Moreover, Z is the Dirac-type singularities of (V ,ĥ,Â,Φ) if it has a certain type of the asymptotic behavior around each point of Z (Definition 2.6). Then we call (V ,ĥ,Â,Φ) a Dirac-type singular monopole onT 3 . In this paper, we will construct the Nahm transform of an L 2 -finite instanton (V, h, A) on the product of a real line R × T 3 to a Dirac-type singular monopole (V ,ĥ,Â,Φ) onT 3 .
In general, for any closed subgroup Λ ⊂ R 4 and the dual subgroup Λ * ⊂ Hom(R 4 , R), it is believed that there exists a way to construct Λ * -invariant instantons on Hom(R 4 , R) from Λ-invariant instantons on R 4 . For example, if Λ = R 4 and Λ * = {0}, it was constructed by Atiyah, Drinfeld, Hitchin and Manin [2] , and called the ADHM construction. The case (Λ, Λ * ) ≃ (R, R 3 ) was studied by Nahm [21] , Hitchin [12] and Nakajima [22] . See Jardim [13] for a list of many Nahm transformations.
Since R-invariant instantons on R ×T 3 can be regarded as monopoles onT 3 , the construction in this paper corresponds to the case (Λ, Λ * ) ≃ (Z 3 , R × Z 3 ). This case was previously studied by Charbonneau [6] who constructed singular monopoles onT 3 , from L 2 -finite instantons of rank 2 on R × T 3 whose curvature have exponentially decay. We will generalize this result to general L 2 -finite instantons and prove that any singularities of the transformed monopole are Dirac-type.
Next, let us consider relations between the Nahm transforms and the Kobayashi-Hitchin correspondences. On a connected compact Kähler surface (M, g) with the Kähler form ω, there exists a one-to-one correspondence between irreducible instantons and stable holomorphic vector bundles V with the condition (c 1 (V ) ∪ ω) /[X] = 0 up to their gauge transformations, which is called the Kobayashi-Hitchin correspondence and proved by Uhlenbeck and Yau [26] . In our case, there exist similar relations under the assumption that T 3 is isomorphic to S 1 × T 2 as a Riemannian manifold. On one hand, in [7] Charbonneau and Hurtubise obtained the Kobayashi-Hitchin correspondence between Dirac-type singular monopoles onT 3 and polystable singular mini-holomorphic bundles (Definition 2.8) onT 3 . On the other hand, we will give a construction of polystable parabolic bundles with parabolic degree 0 on (P 1 × T 2 , {0, ∞}× T 2 ) from L 2 -finite instantons on R × T 3 (Theorem 5.11). However, it is only a half part of the Kobayashi-Hitchin correspondence and we have not yet proved the other part.
Next we will construct mini-holomorphic bundles onT 3 from stable parabolic bundles on (P 1 × T 2 , {0, ∞} × T 2 ) of rank r > 1 in reference to [16] . We call this construction the algebraic Nahm transform as in [16] and it satisfies the following commutative diagram.
Dirac-type singular monopoles onT 3 stable parabolic bundles on (P 1 × T 2 , {0, ∞} × T 2 ) stable singular mini-holomorphic bundles onT 3 
Nahm transform
/ / Kobayashi-Hitchin corres.
O O Kobayashi-Hitchin corres. constructed in [7] Alg. Nahm transform / /
Main result
The main results of this paper are summarized as follow.
(I) For any L 2 -finite instanton (V, h, A) on R × T 3 , there exist model solutions of the Nahm equation (Γ ± , N ± ) = (Γ i,± , N i,± ) i=1,2,3 such that (V, h, A) is approximated by the T 3 -invariant instantons associated to (Γ ± , N ± ) at t → ±∞ (Corollary 3.4).
(II) We construct a monopole (V ,ĥ,Â,Φ) onT 3 \Sing(V, h, A) from an L 2 -finite instanton (V, h, A) on R × T 3 , where Sing(V, h, A) ⊂T 3 is a finite subset determined by (Γ ± ) (Proposition 4.2). Moreover, each point of Sing(V, h, A) is a Dirac-type singularity of (V ,ĥ,Â,Φ) (Theorem 4.3).
(III) Assume that T 3 is isomorphic to S 1 × T 2 as a Riemannian manifold. If (V, h, A) is irreducible and rank(V ) > 1, then the weight k ∈ Z rank(V ) of (V ,ĥ,Â,Φ) at each singular point ξ ∈ Sing(V, h, A) is determined by the weights of the su(2) representation ρ ±,ξ constructed from (N ± ) (Theorem 6.2).
The first result is an analytical preparation of the Nahm transform in (II). The second is the construction of the Nahm transform. The third is an application of the commutativity in the above figure (Theorem 5.30). Let us explain more details in the following.
Main result (I)
Let h C r be the canonical Hermitian metric on C r . For a smooth manifold S, we denote by (C r S , h S ) the product bundle of (C r , h C r ) on S. If there is no risk of confusion, then we abbreviate (C r S , h S ) to (C r , h).
Let A be a connection on (C r , h) on (0, ∞) × T 3 , and assume that the connection form αdt + σ i A i dx i of A is invariant under T 3 -action i.e. α and A i are T 3 -invariant functions on (0, ∞) × T 3 . 
Then the ASD equation for (C r
Let Γ i ∈ u(r) (i = 1, 2, 3) be skew-Hermitian matrices which are commutative each other. For the tuple Γ = (Γ i ), we set Center(Γ) := {a ∈ u(r) | [Γ i , a] = 0 (i = 1, 2, 3)}. Take N i ∈ Center(Γ) (i = 1, 2, 3) satisfying N i = [N j , N k ] for any even permutation (ijk) of (123). Then the tuple α = 0, A i = Γ i + N i /t forms a solution of (1) on (0, ∞). We obtain the following theorem as a consequence of results in [3] and [20] .
Theorem 1.2 (Corollary 3.4). Let (V, h, A)
be an L 2 -finite instanton on (0, ∞) × T 3 , i.e. its curvature F (A) is L 2 .
If we fix a positive number 0 < λ < 1 and take a sufficiently large R > 0, then there exist a trivialization of C 4,λ -class σ : (V, h)| (R,∞)×T 3 ≃ (C r , h) and a model solution of the Nahm equation (Γ, N ) such that the following holds for the connection form αdt + i A i dx i of A with respect to σ.
(1) The trivialization σ is a temporal gauge i.e. we have α = 0.
(2) There exists a decomposition A i − (Γ i + N i /t) = ε 1,i (t) + ε 2,i (t) + ε 3,i (t, x) such that we have ε 1,i (t) ∈ Center(Γ), ε 2,i (t) ∈ (Center(Γ)) ⊥ and the following estimates for any 1 ≤ i, j ≤ 3, where (Center(Γ)) ⊥ means the orthogonal complement of Center(Γ) in u(r) with respect to the inner product A, B := −tr(AB). 
Main result (II)
Let (V, h, A) be an L 2 -finite instanton on R×T 3 of rank r. Applying Theorem 1.2 to (V, h, A)| (−∞,0)×T 3 and (V, h, A)| (0,∞)×T 3 , we obtain model solutions (Γ ± , N ± ) which approximate (V, h, A) at t → ±∞. Since the simultaneous eigenvalues of i Γ ±,i dx i ∈ Ω 1 (T 3 ) are T 3 -invariant pure imaginary 1-forms on T 3 , they can be regarded as elements of Hom(R 3 , √ −1R). Thus we take Spec(Γ ± ) ⊂ Hom(R 3 , R) as the set of (2π √ −1) −1 times simultaneous eigenvalues of i Γ ±,i dx i . We define the spectrum set Spec(Γ ± ) ⊂T 3 to be the image of Spec(Γ ± ) by the quotient map Hom(R 3 , R) →T 3 . We define the singularity set of (V, h, A) as Sing(V, h, A) := Spec(Γ + ) ∪ Spec(Γ − ). For ξ ∈T 3 and the associated flat Hermitian line bundle L ξ := (C, h, d + 2π √ −1 ξ, x ) on R × T 3 , we set the twisted instanton (V, h, A ξ ) := (V, h, A) ⊗ L −ξ . Then we have Sing(V, h, A ξ ) = Sing(V, h, A) − ξ = {µ − ξ ∈T 3 | µ ∈ Sing(V, h, A)}.
We construct the Nahm transform of (V, h, A) as follows. Let S ± be the spinor bundle on R × T 3 with respect to the trivial spin structure and / ∂ ± A : S ± ⊗ V → S ∓ ⊗ V be the Dirac operator of the connection A. Let V be a Hermitian flat vector bundle onT 3 which is the quotient of the product bundle ( 
We define a connectionÂ onV to be the induced connection from the flat connection d V of V, i.e. we can writeÂ = P d V for the orthogonal projection P : V|T 3 \Sing(V,h,A) →V . We take a skew-Hermitian endomorphismΦ asΦ(f ) := P (2π √ −1tf ). Then we have the next theorem. Here we recall the definition of Dirac-type singularity of monopole by following [7] . Let (X, g) be an oriented Riemannian 3-fold and Z ⊂ X be a discrete subset. Let (V, h, A, Φ) be a monopole on X \ Z of rank r. Each point p ∈ Z is a Dirac-type singularity of (V, h, A, Φ) with weight k = (k 1 , . . . , k r ) ∈ Z r if the following conditions are satisfied.
• There exists a neighborhood B ⊂ X of p such that (V, h)| B\{p} is decomposed into a direct sum of Hermitian line bundles
• Under the above decomposition, we have the next estimates.
where R is the distance from p.
Main result (III)
Since N ± = (N ±,i ) satisfies N ±,i = [N ±,j , N ±,k ] for any even permutation (ijk) of (123), we can construct su(2) representation ρ ± from N ± . Then, ρ ± can be decomposed into ρ ± = ξ∈Sing(V,h,A) ρ ±,ξ because N ±,i ∈ Center(Γ ± ). Now we define the weight of ρ ±,ξ to be w ±,ξ := (rank(ρ ±,ξ,i )) ∈ Z m ±,ξ , where ρ ±,ξ = m ±,ξ i=1 ρ ±,ξ,i is the irreducible decomposition. Let k ξ be the weight of the monopole (V ,ĥ,Â,Φ) at ξ ∈ Sing(V, h, A) and k +,ξ , k −,ξ the positive and negative part of k ξ . Here main result (III) can be described as follows.
Theorem 1.5 (Theorem 6.2). Assume T 3 is isomorphic to S 1 × T 2 as a Riemannian manifold. If the L 2 -finite instanton (V, h, A) is irreducible and of rank(V ) > 1, then k ± agrees with ±w ±,ξ with a suitable permutation.
Remark
When the first version of this paper was almost accomplished, the author found the paper of Charbonneau and Hurtubise [8] , where they seem to study that the Nahm transform induces the bijection of the equivalence classes of spatially periodic instantons and singular monopoles on the dual torus, under the genericity assumption as in [5, 6, 7] . In our Theorem 1.4, we study the Nahm transform (V ,ĥ,Â,Φ) of any L 2 -finite spatially periodic instantons (V, h, A) without the genericity assumption as a refinement of the construction in [5, 6] , and we prove that the singularities of the monopoles (V ,ĥ,Â,Φ) are of Dirac type, in a more direct way using a result in [19] . We also study the comparison of the weights of the singularities of the instantons and the monopoles (Theorem 1.5) in this generalized context.
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Preliminary
For the product bundle (C r S , h S ) on a smooth manifold S, we denote by d S the trivial connection on (C r S , h S ). If there is no risk of confusion, then we abbreviate d S to d.
Tori and dual tori
For a finite dimensional R-vector space X and a lattice Λ ⊂ X, we set T = X/Λ. Let X * be the dual space of X. Let Λ * denote the dual lattice of Λ, i.e., Λ * := {v ∈ X * | v(Λ) ⊂ Z}. We define the dual torusT of T byT := X * /Λ * . For any ξ ∈T , we define a flat Hermitian line bundle L ξ on T as
. By this correspondence, we can naturally regardT as the moduli space of flat Hermitian line bundles on T . The double dual of T is naturally isomorphic to T , and hence x ∈ T also gives a flat Hermitian line bundle L x := (CT , hT , dT + 2π √ −1 x, dξ ) onT . We recall a differential-geometric construction of the Poincaré bundle on T ×T in [10] . On T × X * , we have the following Hermitian line bundle with a connection on T ×T
The Λ * -action on T × X * is naturally lifted to the action onL given by
The induced Hermitian line bundle with a connection is called the Poincaré bundle, and denoted by L.
Lemma 2.1 (Lemma 3.2.14 in [10] ). The Poincaré bundle L has the following properties.
• For any ξ ∈T , L| T ×{ξ} is isomorphic to L −ξ .
• For any x ∈ T , L| {x}×T is isomorphic to L x .
Proof. The first claim is clear by the construction of L. For x ∈ T , the connection form ofL on the slice {x} × X * vanishes, and L| {x}×T has the global section induced by the function s(ξ) := exp(2π √ −1 x, ξ ) on {x}× X * , which satisfies ds = s(2π
Remark 2.2. If X is a complex vector space, then T andT are equipped with the induced complex structures and L becomes a holomorphic line bundle on T ×T by the holomorphic structure induced by the (0, 1)-part of the connection on L.
In this paper, we fix a lattice Λ 3 ⊂ R 3 . Thus
are also fixed.
L 2 -finite instantons
Let (X, g) be a connected oriented Riemannian 4-fold and * be the Hodge operator on X. Let L 2 (X, g) denote the space of L 2 -functions on X with respect to the measure induced by g. Definition 2.3. Let (V, h) be a Hermitian vector bundle and A be a unitary connection on (V, h).
• The tuple (V, h, A) is an instanton on X if the ASD equation F (A) = − * F (A) holds.
• An instanton (V, h, A) is an L 2 -finite instanton on X if we have |F (A)| ∈ L 2 (X, g), where the norm is induced by g and h.
Some easy properties of
is a flat Hermitian line bundle. In particular, (L, h) is a topologically trivial Hermitian line bundle.
Proof. Let t and (x 1 , x 2 , x 3 ) be the standard coordinates of R and R 3 respectively. By abuse of notation, we use (t, x 1 , x 2 , x 3 ) to denote a local chart of R × T 3 . Using this coordinate, we write
A is the Laplacian. It implies that the functions F ti and F ij are harmonic and L 2 on R × T 3 , and hence 0. Thus we obtain that (L, h, A) is a flat Hermitian line bundle.
Corollary 2.5. Let (V, h, A) be an L 2 -finite instanton on R × T 3 of rank r. Then, (V, h) is a trivial Hermitian vector bundle.
Proof. By Lemma 2.4, (det(V ), det(h)) is a trivial Hermitian line bundle. Thus, it suffices to prove that any principal SU (r)-bundle P on T 3 is topologically trivial.
We may assume T 3 = (R/Z) 3 . Let q : R → S 1 = R/Z be the quotient map, and put T 2 = (R/Z) 2 . Take the open intervals I 1 = (0, 1), I 2 = (1/2, 3/2). We set U i := q(I i ) × T 2 , and we obtain an open covering {U 1 , U 2 } of T 3 . Then, P | U i is trivial because SU (r) is simply-connected and U i and T 2 are homotopy equivalent. Moreover, we can patch each trivialization of P | U i and get a global one. Indeed, any smooth map f : T 2 → SU (r) is homotopic to a smooth map f 1 : T 2 → SU (r) such that f 1 ({0} × S 1 ) ⊂ {e} and f 1 (S 1 × {0}) ⊂ {e} because SU (r) is simply connected, and f 1 is homotopic to a constant map because π 2 (SU (r)) = 0. Therefore, P is a trivial SU (r)-bundle.
Monopoles with Dirac-type singularities
In this subsection, we recall the definition of monopoles with Dirac-type singularities by following [7] . Definition 2.6. Let (X, g) be an oriented Riemannian 3-fold and * be the Hodge operator on X.
(1) Let (V, h, A) be a Hermitian vector bundle with a unitary connection, and Φ be a skewHermitian section of End(V ). The tuple (V, h, A, Φ) is called a monopole on X if it satisfies the Bogomolny equation
(2) Let Z ⊂ X be a discrete subset. Let (V, h, A, Φ) be a monopole of rank r ∈ N on X \ Z. Each point p ∈ Z is called a Dirac-type singularity of the monopole (V, h, A, Φ) with weight k = (k i ) ∈ Z r if the following holds.
• There exists a small neighborhood B of p such that (V, h)| B\{p} is decomposed into a sum of Hermitian line bundles
• In the above decomposition, we have the following estimates,
In [19] , the following proposition is proved.
. Then, the point 0 is a Dirac-type singularity of (V, h, A, Φ) if and only if |Φ(x)| = O(|x| −1 ) (x → 0).
Monopoles and mini-holomorphic structure
We introduce a complex-geometric interpretation of monopole by following [7] and [19] . Let Σ be a Riemann surface with a Kähler metric g Σ . Set S 1 := R/Z and X := S 1 × Σ. Let p i be the projection from X to the i-th component. Let q : R → S 1 be the quotient map. Let us recall the mini-holomorphic structure on X in [19] .
Definition 2.8.
is called mini-holomorphic structure of V if it satisfies the following conditions.
• For any f ∈ C ∞ (U ) and s ∈ Ω 0,i (U, V ), we have 
is the restriction of the differential operator ∂ V,Σ on {q(t)} × W . For any fixed x ∈ W , we obtain a connection on V | q(I)×{x} as the restriction of d V,S 1 on q(I) × {x}. Hence we have the parallel transport Ψ t,t ′ : V t → V t ′ for any t, t ′ ∈ I. The isomorphism Ψ t,t ′ is called the scattering map in [7] .
Recall that the scattering map Ψ t,t ′ : V t → V t ′ is a holomorphic isomorphism, which follows from the integrability condition
The next proposition shows that monopoles on X have the underlying mini-holomorphic structures.
Proposition 2.9. Let (L, h, A, Φ) be a monopole on X. We decompose the covariant derivative
A is a mini-holomorphic structure on L.
Proof. It is standard that the integrability condition ∂ L • ∂ L = 0 follows from the Bogomolny equation F (A) = * ∇ A (Φ).
Let w be the standard coordinate of C. Let U ⊂ C be a neighborhood of 0 and put U * := U \{0}. Let (V, h, A, Φ) be a monopole of rank r on ([−ε, ε] × U ) \ {(0, 0)} ⊂ R × C, and let (V, ∂ V ) denote the underlying mini-holomorphic bundle. The following proposition in [7] allows us to interpret the weights of Dirac-type singularities in terms of the scattering maps of the underlying miniholomorphic bundles. Proposition 2.10. If (0, 0) is a Dirac-type singularity of weight k = (k i ) ∈ Z r , then the scattering map Ψ −ε,ε : V −ε | U * → V ε | U * is extended to a meromorphic isomorphism Ψ −ε,ε : V −ε ( * 0) → V ε ( * 0) and there exists a holomorphic frame v − (resp. v + ) of V −ε (resp. V ε ) such that Φ −ε,ε can be represented as Ψ −ε,ε (v − ) = v + · diag(w k i ), where diag(c i ) is the diagonal matrix whose (i, i)-th entries are c i . Moreover, this type of diagonal matrix representation is unique up to permutations.
Filtered sheaves and filtered bundles
We recall the definitions of parabolic sheaves and bundles by following [16] .
Filtered sheaves
Let X be a complex manifold. Let D be a smooth hypersurface of X and
A tuple P * E = {P a E} a=(a i )∈R d of O X -submodules of E is called a filtered sheaf over E if it satisfies the following conditions:
• P a E ⊂ E is a coherent O X -module and P a E| X\D = E| X\D holds.
• For a = (a i ) and
• On a small neighborhood U of D i , P a E| U depends only on a i , which we denote by i P a i (E| U ).
• For any i = 1, . . . , d and a ∈ R, there exists ǫ > 0 such that we have i P a (E| U ) = i P a+ǫ (E| U ).
• For any a ∈ R d and n = (n i ) ∈ Z d , we have
A filtered subsheaf P * E ′ ⊂ P * E is a filtered sheaf over a subsheaf
Suppose that E is torsion free. The parabolic first Chern class par-c 1 (P * E) is defined as
Here rank D i denote the rank of coherent sheaves on D i , and [D i ] is the cohomology class of D i on X.
Filtered bundles
A filtered sheaf P * E on (X, D) is called a filtered bundle if it satisfies the following conditions:
• For any a ∈ R d , P a E is a locally free O X -module.
• For any i = 1, . . . , d and a ∈ R, i Gr a (E) is a locally free O D i -module.
For example, we define the trivial filtered bundle
is defined as follows:
For any filtered bundle P * E, the dual filtered bundle P * (E ∨ ) is defined as P * Hom(E, O X ( * D)), Then we have a natural isomorphism
Stable filtered bundles on
We consider the case X = P 1 × T 2 and D = ({0} × T 2 ) ⊔ ({∞} × T 2 ), where T 2 is an elliptic curve. For a filtered bundle P * E, we write P ab E instead of P a E for a = (a, b) ∈ R 2 . For a filtered bundle P * * E, we define the parabolic degree of P * * E by par-deg(P * * E) = √ −1 2
Definition 2.11. Let P * * E be a filtered bundle on (X, D).
• P * * E is stable if it satisfies the following:
(1) For any a, b ∈ R, P ab E| {0}×T 2 and P ab E| {∞}×T 2 are semistable and of degree 0.
(2) For any filtered subsheaf P * * E ′ ⊂ P * * E satisfying (1) and 0 < rank(E ′ ) < rank(E), we have
• P * * E is polystable if there exists a decomposition P * * E = i∈I P * * E i such that P * * E i is stable and that par-deg(P * * E i )/rank(E i ) = par-deg(P * * E j )/rank(E j ) holds for any i, j ∈ I.
We have the following cohomology vanishing for stable filtered bundles of degree 0.
Proposition 2.12. Let p : P 1 × T 2 → T 2 be the projection map. Let F be a holomorphic line bundle of degree 0 on T 2 . For a stable filtered bundle P * * E on P 1 × T 2 satisfying par-deg(P * * E) = 0 and rank(E) > 1, we have
Proof. By replacing E with E ⊗ p * F , we may assume that F is trivial. By considering P * −t, * +t E instead of P * * E, we may also assumet = 0. If i < 0 or i > 2 holds, then the cohomologies vanish obviously. Thus we prove only the cases i = 0 and i = 2. If there exists a non-zero global section of P 00 E, we have a filtered subsheaf P * * O ⊂ P * * E of rank 1 that satisfies (1) in Definition 2.11 and par-deg(P * * O) ≥ 0. However, it contradicts the stability of P * * E. Thus, we have H 0 (P 1 × T 2 , P 00 E) = 0. By the natural inclusion P <0<0 V ⊂ P 00 V , we have
Using the Serre duality theorem and isomorphisms
The Fourier-Mukai transform of semistable bundles
We recall the Fourier-Mukai transform of semistable bundles of degree 0 on an elliptic curve
Let w be the standard coordinate of C. We will denote byT 2 the dual torus of T 2 . Let V be a semistable bundle of degree 0 and of rank r on T 2 . As a part of result in [16, Proposition 2.2], we have the following proposition.
, then we have k = k ′ and there exist a permutation σ of {1, . . . , k} and linear transformations g i ∈ GL(r i , C) such that we have
Recall the spectrum of semistable bundle of degree 0 is defined as follows. (See [16] .) Definition 2.14. We take the decomposition
We define the spectrum set Spec(V ) ⊂T 2 to be Spec(V ) :
The following corollary is also obtained by [16, Proposition 2.2].
Corollary 2.15. We take the decomposition
13. Let L → T 2 ×T 2 be the Poincaré bundle. Let p i be the projection of T 2 ×T 2 to the i-th component. For any α ∈ Spec(V ), we set a multi-index I α = (i α,1 , . . . , i α,kα ) ∈ N kα as a tuple of the sizes of the Jordan blocks of
) is given as follows:
where mT 2 ,α is the maximal ideal of the stalk OT 2 ,α .
In this section, we fix a positive number 0 < λ < 1. Recall that a function f is called of C i,λ -class if f is of C i -class and all derivatives of f of order i are locally λ-Hölder continuous.
Asymptotic behavior of solutions of the Nahm equation on (0, ∞)
For a T 3 -invariant unitary connection A on (C r , h) on (0, ∞)×T 3 , the tuple (C r , h, A) is an instanton if and only if the connection form of A = α dt + i A i dx i satisfies the Nahm equation:
For skew-Hermitian commuting matrices Γ i ∈ u(r) (i = 1, 2, 3), let Center(Γ) denote the centralizer of Γ : (1) The gauge transformation g satisfies g −1 αg + g −1 ∂ t g = 0.
(2) We take the decomposition
and ε 2,i (t) ∈ (Center(Γ)) ⊥ , where (Center(Γ)) ⊥ means the orthogonal complement of Center(Γ) in u(r) with respect to the inner product A, B := −tr(AB). Then, there exists δ > 0 such that the following estimates hold for any 1 ≤ i ≤ 3 and 0 ≤ j ≤ 3.
Proof. By Corollary 2.2 and Proposition 3.1 in [3] , there exist a positive number δ > 0 and a gauge transformation g 0 : (0, ∞) → U (r) such that for the transformed solution (α,Ã i ) = (g
where we setÃ i − (Γ i + N i /t) =:ε i,1 +ε i,2 ∈ Center(Γ) ⊕ (Center(Γ)) ⊥ . We take another gauge transform g 1 : (0, ∞) → U (r) satisfying the following conditions:
Then we have an estimate |g 1 (t) − Id| = O(exp(−δt)). Hence the same estimate as (3) holds for the gauge transform g := g 0 g 1 . Moreover, by definition of g 1 we have g −1 αg + g −1 ∂ t g = 0, and this shows that g is of C 4,λ -class. For a permutation (ijk) of (123), the equation (2) can be written as follows:
Since we have [Center(Γ), Center(Γ)] ⊂ Center(Γ), by bootstrapping argument from (4) we obtain the desired estimates for derivatives of ε 1,i (t) and ε 2,i (t).
Asymptotic behavior of
The following theorem is proved in [20 
If we take a sufficiently large R > 0, then there exist a positive number δ > 0, a trivialization of
, such that we have the following estimates.
where A σ is the connection form of A with respect to σ, and we identifyÃ with its connection form.
Proof. Since we have π 1 (T 3 ) ≃ Z 3 , by considering parallel transport, it is proved that for any flat Hermitian vector bundle F on T 3 of rank r there exists a tuple of Hermitian commuting
By taking a suitable gauge transformation of (C r , h), we may assume the condition 
be the space of L 2 3 -connections of (C r , h) and
be the Center manifold of the flat connection
. By the definition of the Center manifold, we have
. Since ∇ Γ is T 3 -invariant, by Corollary 5.1.3 in [20] , H is a connected Riemannian manifold equipped with a T 3 -action. By [20] , we have the
, where ∇ ad(Γ) is the flat connection on u(r) induced by ∇ Γ with the adjoint representation of u(r). However, any elements of H 1 (T 3 , Ω * (C r , ∇ Γ )) are T 3 -invariant because of the assumption on simultaneous eigenvalues of Γ. Therefore, since H is connected, the T 3 -action on H is trivial. Hence, by Lemma 3.3.2 and Theorem 5.2.2 in [20] , there exist a positive number δ > 0, a trivialization
, which completes the proof.
We obtain the following corollary as a consequence of Theorem 3.3 and Theorem 3.2.
) and a model solution of the Nahm equation (Γ, N ) such that the following holds.
(1) Let αdt + i A i dx i denote the connection form of A with respect to σ. Then we have α = 0.
(2) There exist decompositions A i − (Γ i + N i /t) = ε 1,i (t) + ε 2,i (t) + ε 3,i (t, x) such that we have ε 1,i (t) ∈ Center(Γ), ε 2,i (t) ∈ (Center(Γ)) ⊥ and that the following estimates for 1 ≤ i ≤ 3 and 0 ≤ j ≤ 3, Let (V, h, A) be an L 2 -finite instanton on R×T 3 . Applying Corollary 3.4 to (V, h, A)| (0,∞)×T 3 and (V, h, A)| (−∞,0)×T 3 , we obtain model solutions (Γ ± , N ± ) which approximate (V, h, A) at t → ±∞.
Since the simultaneous eigenvalues of i Γ ±,i dx i ∈ Ω 1 T 3 (u(r)) are T 3 -invariant pure imaginary 1-forms on T 3 , they can be regarded as elements of Hom(R 3 , √ −1R). Thus we take Spec(Γ ± ) ⊂ Hom(R 3 , R) as the set of (2π √ −1) −1 times simultaneous eigenvalues of i Γ ±,i dx i . We take unitary representations ρ ± : su(2) → u(r) induced by N ± to be ρ( i a i e i ) := i a i N ±,i , where (e i ) i=1,2,3 is a basis of su(2) satisfying e i = [e j , e k ] for any even permutation (ijk) of (123). Because N ±,i ∈ Center(Γ ± ), we have the decomposition ρ ± = ξ∈ Spec(Γ ± ) ρ ±,ξ which is induced by the simultaneous eigen decomposition of Γ ± . Definition 3.6.
• We define the spectrum set Spec(Γ ± ) ⊂T 3 to be the image of Spec(Γ ± ) by the quotient map Hom(R 3 , R) →T 3 .
• We define the singularity set of (V, h, A) as Sing(V, h, A) := Spec(Γ + ) ∪ Spec(Γ − ).
• We assume that the quotient map Spec(Γ ± ) → Spec(Γ ± ) is bijective, and identify Spec(Γ ± ) with Spec(Γ ± ). (See below Remark 3.7 (i).) For ξ ∈ Sing(V, h, A), we define the unitary representations ρ ±,ξ of su(2) by putting ρ ±,ξ := 0 for ξ ∈ Sing(V, h, A) \ Spec(Γ ± ).
Remark 3.7.
(i) We assume that there exists a fundamental domain H ⊂ Hom(R 3 , R) ofT 3 such that 0 ∈ H and Spec(Γ ± ) ⊂ H. Indeed, we can always take a suitable R-invariant gauge transformation to satisfy this assumption.
(ii) For ξ ∈T 3 , we take a flat Hermitian line bundle L ξ on R × T 3 as in subsection 2.1. For any ξ ∈T 3 and any
Fredholmness of Dirac operators
Let (V, h, A) be an L 2 -finite instanton on R×T 3 . Take ξ ∈T 3 \Sing(V, h, A), and we set (V, h, A ξ ) := (V, h, A) ⊗ L −ξ . We shall study the Dirac operators associated to (V, h, A ξ ) by following [6] . Let σ 0 be a global trivialization (V, h) (see Corollary 2.5). Let R ± > 0 be constants as in Corollary 3.4 with the L 2 -finite instantons (V, h, A)| (0,∞)×T 3 and (V, h, A)| (−∞,0)×T 3 respectively. We set R := max(R + , R − ). We also denote by σ ± trivializations of (V, h) on (R, ∞) × T 3 and (−∞, −R) × T 3 in Corollary 3.4 respectively. Let σ denote the triple (σ − , σ 0 , σ + ). Let S R×T 3 = S + ⊕ S − denote the spinor bundle of R × T 3 with respect to the trivial spin structure.
Let S T 3 be the spinor bundle on T 3 with respect to the trivial spin structure. Let p : R×T 3 → T 3 is the projection map. There exists the isomorphism S ± ≃ p * S T 3 such that the Clifford product can be written as follows.
Hence we obtain the following lemma.
Lemma 3.10. Under the identification between S + , S − and p * 2 S T 3 , the Dirac operators / ∂ ± A : V ⊗ S ± → V ⊗ S ∓ with respect to the trivialization σ ± can be written as follows:
where / D A| {t}×T 3 is the Dirac operator of (V, A)| {t}×T 3 on T 3 .
Proof. The connection forms of A with respect to σ ± are temporal i.e. they have no dt terms.
Proof. By considering (V, h, A ξ ) instead of (V, h, A) we may assume ξ = 0. We consider the case k = 1. By the assumption ξ = 0 ∈ Sing(V, h, A) we have Ker( / D Γ ± ) = {0}, where Γ ± = d + i (Γ ± ) i dx i are flat unitary connections on the product bundle (C r , h) on T 3 . Thus we can easily prove by using the Fourier series expansion that there exists
Take U 1 > R + 1 such that
We take a smooth function ϕ
: R → [0, 1] which satisfies the following:
We also set ϕ
Here we use an equality ∂ t (ϕ
By this inequality and the inequalities (5), there exists B 2 > 0 such that we have
Therefore, the following inequalities hold.
Applying the interior estimate for elliptic operators to the above inequality, we obtain an inequality
where C 1 > 0 and K 1 > U 1 are constants independent of f . This is the desired inequality for k = 1. We use an induction on k. Suppose that we have already obtained the desired inequality in the case k = k 0 . We take a constant U 2 > K k 0 and take a function ϕ U 2 as above. Then, for any
where ∂ t (ϕ U 2 f ) and ∂ i (ϕ U 2 f ) are taken under the trivializations σ ± . Since we can apply the interior estimate of elliptic operators and the assumption of the induction to the first and second terms of (6), there exist B 3 > 0 and U 3 > U 2 such that we have
We also make an estimate of the third and fourth terms of (6) as follows:
Here B 4 > 0 and U 4 > U 2 is a constant independent of f . As a consequence of (6), (7) and (8), we obtain the desired inequality for k = k 0 + 1, and the proof is complete.
Proof. By the regularity of elliptic operators, we have f ∈ L 2 k+1,loc (R × T 3 , V × S ± ). For n ∈ N, we take bump functions ϕ n : R → [0, 1] satisfying ϕ n (t) = 1 (|t| < n) 0 (|t| > n + 1).
From Proposition 3.11, there exist C, K > 0 such that we have
for any natural numbers n, m > K. Hence {ϕ n f } is a Cauchy sequence in L 2 k+1,σ . Moreover, this sequence converges pointwise to
are Fredholm, and Ker( / ∂ ± A ξ ) are independent of k.
Proof. By Corollary 3.12, it suffices to prove the case k = 1. Thus we prove the following assertions.
If a normed space has a relatively compact neighborhood of the origin, then it is finite dimensional. Hence (i) is an easy consequence of Proposition 3.11 and the compactness of the restriction map
). Therefore, (ii) is deduced from (i).
To prove (iii), it is enough to prove that there exists C > 0 such that for any f ∈ (Ker( / ∂
we have
where (Ker( / ∂
, and hence {f n } also converges to some f ∞ ∈ L 2 1,σ (R×T 3 , V ⊗S ± ) by Proposition 3.11. Then we have
Therefore the inequality (9) holds for some C > 0.
Index of Dirac operators
We calculate the index of Dirac operators by following Charbonneau [6] . is given by
Proof. Replacing (V, h, A) with (V, h, A ξ ), and we may assume ξ = 0. We may also assume that any Γ ±,i are diagonal matrices because Γ ± = (Γ ±,i ) are commuting Hermitian matrices. Take a positive constant K > R, and a partition of unity {φ − , φ 0 , φ + } on R which is subordinate to the open cover
where Γ ± are the connections given by d + i Γ ±,i dx i with respect to the trivialization σ ± . Then
is a compact operator, hence we have
We take a continuous family of flat unitary connections {Γ s } s∈[0,1] on (V, h)| (R,∞)×T 3 satisfying the following conditions:
• The connection form of Γ 1 with respect to σ + is given by i Γ −,i dx i .
• For any s ∈ [0, 1], 0 ∈ Spec(Γ s ).
We set connections {a
} forms a continuous family of Fredholm operators. Hence we have
We construct a Hermitian vector bundle (Ṽ ,h) on a four-dimensional torus T 4 by gluing (V, h) on t < −(K + 1) and t > K + 1 with trivializations σ ± respectively. Since the connection forms of a 1 K on |t| > K + 1 with respect to σ + and σ − are equal, we also construct a connection a 1 K on (Ṽ ,h) from a 1 K . Then the relative index theorem in [11] tells us
where γ − (resp. γ − ) is a flat connection on the product bundle (C r , h) on R × T 3 (resp. T 4 ) whose connection form is given by i Γ −,i dx i . By the assumption ξ = 0 ∈ Sing(V, h, A), we have index( / ∂
Hence we obtain index( / ∂
. By the Atiyah-Singer index theorem, we obtain
Hence we have
Since any Γ ±,i are assumed to be diagonal matrices, by Corollary 3.4 we have
Taking the limit of K → ∞, we obtain
which proves the theorem.
Asymptotic behavior of Harmonic spinors
Proposition 3.16. There exist K, κ : R >0 → R >0 such that conditions are satisfied.
•
• Let ξ ∈T 3 \ Sing(V, h, A) and
Here we abbreviate dist(ξ, Sing(V, h, A)) to d.
Proof. We may assume f = 0. By the interior regularity of elliptic operators, we have F ∈ C 4 (R) ∩ L 1 (R). Hence we can calculate derivatives of F .
By Lemma 3.10, Dirac operators with respect to σ + can be written as / ∂
Now we use the Fourier series expansion on T 3 and get the following estimate: there exists C 1 > 0 such that we have
Moreover, Corollary 3.4 tells us
By applying (12), (13) and (14) to (11), we can take positive functions
and this contradicts F ∈ L 1 (R). Therefore, for any t > K we haveF ′ (t 0 ) ≤ 0 i.e.
The same proof works for t < 0 mutatis mutandis.
Corollary 3.17. Let ξ ∈T 3 \ Sing(V, h, A). There exists C > 0 such that the following estimate holds for any
4 Construction of the Nahm transform
Construction of monopoles
We construct the Nahm transform by following Charbonneau [6] .
) be a flat Hermitian vector bundle onT 3 which is the quotient of the product bundle
is a continuous family of surjective Fredholm operators, hence (V ,ĥ) is a finite-dimensional subbundle of V|T 3 \Sing(V,h,A) by the implicit function theorem. Moreover, Theorem 3.14 tells us rank(V ) = (8π 2 ) −1 ||F (A)|| 2 L 2 . LetÂ be the connection on (V ,ĥ) induced by the flat connection d V on V, namelyÂ = P d V , where P : V|T 3 \Sing(V,h,A) →V is the orthogonal projection.
LetΦ denote a skew-Hermitian section of End(V ) given by Φ ξ (f ) := P ξ (2π √ −1tf ). Since any 
decays exponentially at t → ±∞ for any ξ ∈ U . Since d V f satisfies the partial differential 
Singularities of the Nahm transform
Let (V, h, A) be an L 2 -finite instanton on R×T 3 and (V ,ĥ,Â,Φ) be the Nahm transform of (V, h, A). In this subsection, we prove the following theorem. 
)∩L 2 . We set F (t) := {t}×T 3 |f (t, x)| 2 dx. By Proposition 3.16, we take functions K, κ : R >0 → R >0 . We abbreviate K (d(ξ, p) ) and κ(d(ξ, p)) to K and κ respectively. Then we have
Here we use integration by parts, then
Since the inequality F ′ (t) ≤ −κ(d)F (t) (resp. F ′ (t) ≥ κ(d)F (t)) holds for any t > K(d) (resp. t < −K(d)), we have |s|>t F (s)ds ≤ κ −1 (F (t) + F (−t)). Therefore we obtain
| Φ f, f | ≤ 2K||f || 2 L 2 + κ −1 {|t|>K} F (t)dt ≤ (2K + κ −1 )||f || 2 L 2 . Since K, κ −1 = O(d(ξ, p) −1 ), we have | Φ (f ), f | = O(d(ξ, p) −1 )||f || 2 L 2 .
Algebraic Nahm transform
In this section, we assume that T 3 is isomorphic to the product of a circle S 1 = R/Z and a 2-dimensional torus T 2 = R 2 /Λ 2 as a Riemannian manifold. Then, we haveT 3 = S 1 ×T 2 , wherê T 2 = Hom(R 2 , R)/Λ * 2 is the dual torus of T 2 . Under this assumption, we can regard R × T 3 as a Kähler manifold by setting holomorphic coordinates τ = t+ √ −1x 1 ∈ R×S 1 and w = x 2 + √ −1x 3 ∈ T 2 . Since the map R × S 1 ∋ τ = t + √ −1x 1 → exp(2πτ ) = z ∈ C * is biholomorphic, we have a biholomorphic and isometric map R × T 3 ≃ (C * , dzdz/|2πz| 2 ) × T 2 .
We will construct a stable filtered bundle on (P 1 × T 2 , {0, ∞} × T 2 ) from an L 2 -finite instanton on R × T 3 ≃ C * × T 2 as a prolongation of holomorphic vector bundles. Next, from a stable filtered bundle on (P 1 × T 2 , {0, ∞} × T 2 ) of rank r > 1 we construct a mini-holomorphic bundle on T 3 = S 1 ×T 2 outside a finite subset, and we call this construction the algebraic Nahm transform. Finally, for an irreducible L 2 -finite instanton (V, h, A) on R × T 3 of rank r > 1 and the associated stable filtered bundle P * * V on (P 1 ×T 2 , {0, ∞}×T 2 ), we show that the algebraic Nahm transform of P * * V is isomorphic to the underlying mini-holomorphic bundle of the Nahm transform of (V, h, A).
Asymptotic behavior of L 2 -finite instantons as holomorphic bundles
We refine Corollary 3.4 in order to make it compatible with the complex structure of R × T 3 . (ii) We also take Nw, Nτ to be Nτ dτ + Nwdw := ( i N i dx i ) (0,1) . We setεw := Aw − (Γw + Nw/t) andετ := Aτ − (Γτ + Nτ /t). Then, the following estimates hold:
where ∂ 1 means the partial derivative with respect to x 1 .
(iii) For any 1 ≤ i, j ≤ r, we have
Remark 5.2. As Corollary 3.4 and Remark 3.5, we obtain a similar result for L 2 -finite instantons on (−∞, 0) × T 3 .
Proof. Applying Corollary 3.4 to (V, h, A)
, we obtain a trivialization (V, h)| (R,∞)×T 3 ≃ (C r , h) and a model solution (Γ, N ) of the Nahm equation. Take an orthonormal frame u on (R, ∞) × T 3 such that Γ = (Γ i ) are diagonal. We take a Hermitian vector space E = (C r , h C r ) and the eigen decomposition of Γw i.e. E = α∈C E α and Γw = α αId Eα .
We take Banach spaces X 1 and X 2 as
where C i,λ (T 2 , End(E α )) ⊥ is the kernel of the linear map f → T 2 f . We define a smooth map
where π : C 1,λ (T 2 , End(E)) → X 1 is the projection. Then, dF (0,0,0) | X 2 : X 2 → X 1 is an isomorphism because we have dF (0,0,0) (f, 0, 0) = π(∂ w (f )). Therefore, the implicit function theorem shows that there exist a small neighborhood U of (0, 0) ∈ α End(E α ) × X 1 and a smooth map G : U → X 2 such that for any (f, a, ε) ∈ Dom(F ) sufficiently close to (0, 0, 0), F (f, a, ε) = 0 and f = G(a, ε) are equivalent.
Lemma 5.3. There exists M > 0 such that for any (a, ε) ∈ U we have
where B(X, Y ) is the Banach space consisting of bounded linear maps from a Banach spaces X to a Banach space Y .
Proof. By F (0, a, 0) = 0 and the definition of G, we have G(a, 0) = 0. Thus, we have ∂ a G(a, 0) = 0 and ∂ 2 a G(a, 0) = 0, and this proves the lemma.
For the error terms ε i,j (1 ≤ i, j ≤ 3) in Corollary 3.4, we set ε i,τ dτ + ε i,w dw := ( j ε i,j dx j ) (0,1) . Set a gauge transformation g := exp G(ε 1,w , ε 2,w + π(ε 3,w )) and take a frame v = ug. By Lemma 5.3 and the estimates of ε 2,j , ε 3,j in Corollary 3.4, we have ||g − Id|| C 2 ([t,t+1]×T 3 ) = O(exp(−δt)).
This proves (ii) and (iii).
We prove (i). By the definition of F , Aw is T 2 -invariant and [Aw, Γw] = 0. We will prove that Aτ is also T 2 -invariant and [Aτ , Γw] = 0. For an eigenvalue α ∈ C of Γw, let us denote by v α the subset of v corresponding to α. Then we write ∇ 0,1
for any eigenvalues α = β of Γw. We have lim t→∞ Aw ,α = αId, and by Remark 3.7 (i) we also have α − β ∈ 2πZ for any eigenvalues α = β of Γw. Therefore, if R > 0 is sufficiently large, then we obtain A 
Removing the T 2 -invariant part of (15), and we obtain
where (A ᾱ τ ,α ) ⊥ means the non-constant part of the Fourier series expansion of A ᾱ τ ,α . This equation implies that (A ᾱ τ ,α ) ⊥ is a constant function on T 2 , and hence 0. Thus, Aτ is T 2 -invariant.
Corollary 5.4. Set Γw ∈ Γ((R, ∞) × T 3 , End(V )) as Γw(v) := vΓw. For an eigenvalue α ∈ C of Γw, we take a subbundle V α of V | (R,∞)×T 3 to be V α := Ker( Γw − αId V ). Then the decomposition V | (R,∞)×T 3 = α V α is a holomorphic decomposition. Moreover, there exist C, δ > 0 such that for any (t, x) ∈ R × T 3 , for any eigenvalues α = β, for any v α ∈ (V α ) (t,x) and for any v β ∈ (V β ) (t,x) , we have
Corollary 5.5. Let π : (0, ∞) × T 3 → (0, ∞) × S 1 be the projection. There exist a holomorphic Hermitian vector bundle (E, ∂ E , h E ) on (R, ∞) × S 1 and a holomorphic endomorphism f ∈ Γ((R, ∞) × S 1 , End(E)) such that the following holds:
(i) (V, ∂ A ) and (π * E, π * (∂ E ) + f dw) are isomorphic.
(ii) Under the isomorphism between (V, ∂ A ) and (π * E, π * (∂ E ) + f dw), we have the estimates
, where δ is a positive number, and the norm is induced by h.
(iv) (E, ∂ E , f ) has a holomorphic and orthogonal decomposition
which is compatible with the decomposition V = α V α in Corollary 5.4.
Proof. Let (E, h E ) be a trivial Hermitian vector bundle on (R, ∞) × S 1 and e be a orthonormal frame of (E, h E ). We set ∂ E (e) = eA τ and f (e) = eAw. Then all conditions are satisfied by Proposition 5.1.
Prolongation of L 2 -finite instantons
By following [16] and [18] , we construct a polystable filtered bundles on (
Definition 5.6. Let (X, g) be a Kähler manifold. Let (V, h, A) be a holomorphic Hermitian bundle on ∆ * × X, where ∆ * = {z ∈ C | 0 < |z| < 1}. Let i : ∆ * × X → ∆ × X be the inclusion.
(1) (V, h, A) is acceptable if |F (A)| is bounded on a neighborhood of {0} × X, where the norm is induced by h and the Poincaré-like metric g + |z| −2 (log |z|) −2 dzdz.
(2) For any a ∈ R, we define a (possibly non-coherent) O ∆×X -submodule P a V of i * V as follows: For any open subset U ⊂ ∆ × X, a section s ∈ Γ(U, i * V ) belongs to Γ(U, P a V ) if and only if for any p ∈ ({0} × X) ∩ U and for any ε > 0, an estimate |s| = O(|z| −(a+ε) ) holds around p. We call P * V := {P a V } a∈R the prolongation of V .
(3) For a section s ∈ Γ(X × ∆, P a V ), we define ord(s) ∈ R to be ord(s) := min{a
Mochizuki [18] proved the following theorem.
Theorem 5.7. Let (X, g), (V, h, A) be as in Definition 5.6. If (V, h, A) is acceptable, then P * V = {P a V } a∈R forms a filtered bundle on (∆ × X, {0} × X).
Let (V, h, A) be an L 2 -finite instanton on (−∞, 0) × T 3 . Applying Corollary 5.5 to (V, h, A), we take a positive number R > 0, a holomorphic vector bundle (E, ∂ E , h E ) on (−∞, −R) × S 1 and a holomorphic endomorphism f ∈ Γ((−∞, −R) × S 1 , End(E)). For r > 0, we set ∆(r) := {z ∈ C | |z| < exp(−2πr)} and ∆(r) * := ∆(r) \ {0}. Under the isomorphism ∆(R) * ≃ (−∞, R) × S 1 and ∆(0) * × T 2 ≃ (∞, 0) × T 3 , we obtain the prolongation P * E and P * V from (E, h E , ∂ E ) and (V, h, A) respectively.
Corollary 5.8. Both (V, h, A) and (E, h E , ∂ E ) are acceptable on ∆(0) * ×T 2 and ∆(R) * respectively. In particular, the prolongations P * V and P * E are filtered bundles on (∆(0) × T 2 , {0} × T 2 ) and (∆(R), {0}) respectively.
Proof. Under the coordinate change z = exp(2π(t+ √ −1x 1 )), the Poincaré metric |z| −2 (log |z|) −2 dzdz is written as (dt 2 + (dx 1 ) 2 )/t 2 . By Corollary 3.4, we have |F (A)| = O(t −2 ), where the norm is induced by h and g R×T 3 . Thus, (V, h, A) is acceptable on ∆(0) * × T 2 . By Corollary 5.5 (iii), we also have |F (∇ E )| = O(t −2 ), and (E, h E , ∂ E ) is acceptable on ∆(R) * . Therefore, by Theorem 5.7, P * V and P * E are filtered bundles on (∆(0) × T 2 , {0} × T 2 ) and (∆(R), {0}) respectively.
Let us prove that the isomorphism (V, ∂
Proposition 5.9. For any a ∈ R, we have the holomorphic isomorphism P a (V | ∆(R) * ×T 2 ) ∼ = (π * P a E, π * (∂ PaE ) + π * (P a f )dw) constructed from the isomorphism in Corollary 5.5. In particular, the vector bundle P a V | {0}×T 2 is semistable of degree 0.
Proof. Let W ⊂ ∆(R)×T 2 be an open subset, and take any s ∈ Γ W, π * P a E, π * (∂ PaE ) + π * (P a f )dw . Then s| W \({0}×T 2 ) is a holomorphic section of (V, ∂ A ). Since h and π * h E are mutually bounded, s is a holomorphic section of P a V .
Let s ′ be a holomorphic section of P a V on W . We obtain a holomorphic section s ′ | W \({0}×T 2 ) of (π * E, π * ∂ E + π * f dw). Because of the definition of P a E, s ′ | W ∩(P 1 ×{w}) is a holomorphic section of P a E. Hence s ′ is a holomorphic section of (π * P a E, π * ∂ PaE + π * P a f dw).
Under this isomorphism, P a V | {0}×T 2 is naturally isomorphic to π * (P a E| {0} ), ∂ T 2 + π * (P a f | {0} )dw . Thus this vector bundle is semistable and of degree 0.
Corollary 5.10. For any a ∈ R, we have an isomorphism of vector bundles Gr a (V ) ≃ (Gr a (E) × T 2 , ∂ T 2 + Gr a (f )dw) on T 2 , where we regard the skyscraper sheaf Gr a (E) and the endomorphism Gr a (f ) as a vector space with an endomorphism.
Let (V, h, A) be an L 2 -finite instanton on R × T 3 . We will denote by P * * V the associated filtered bundle on (P 1 × T 2 , {0, ∞} × T 2 ). We prove that P * * V is polystable.
Theorem 5.11. The prolongation P * * V is polystable and par-deg(P * * V ) = 0. In particular, if (V, h, A) is irreducible, then P * * V is stable.
Once we admit this theorem, we obtain the next corollary from Proposition 2.12.
Corollary 5.12. Let p : P 1 × T 2 → T 2 be the projection. Let (V, h, A) be an irreducible L 2 -finite instanton of rank r > 1 on R×T 3 . Then, we have H 0 (P 1 ×T 2 , P 00 V ⊗p * F ) = H 2 (P 1 ×T 2 , P <0<0 V ⊗ p * F ) = 0 for any F ∈ Pic 0 (T 2 ).
Norm estimate
As a preparation of the proof of Theorem 5.11, we show the following norm estimates. Let (V, h, A) be an L 2 -finite instanton on (−∞, 0) × T 3 of rank r. Applying Corollary 5.5 to (V, h, A), we take a positive number R > 0, a holomorphic Hermitian vector bundle (E, h E , ∂ E ) on (−∞, −R)×S 1 ≃ ∆(R) * and a holomorphic endomorphism f ∈ Γ(∆(R) * , End(E)). Let P * E denote the prolongation of E on ∆(R). On the fiber (P a E)| 0 , the parabolic filtration {F c (P a E| 0 )} a−1<c≤a is induced by the natural inclusion P c E ֒→ P a E. Then an endomorphism Gr • For any c ∈ (a − 1, a], {b i | 0 | ord(b i ) ≤ c} forms a basis of F c (P a E).
• For any c ∈ (a − 1, a] and any
Proposition 5.13. Let a ∈ R and b = (b 1 , . . . , b r ) be a holomorphic frame of P a E on ∆(R) that is compatible with the parabolic filtration and the weight filtration. We take a Hermitian metric
. Then h 1 and h E are mutually bounded.
Proof. According to [24, Corollary 4 .3], we only need to prove that there exists p > 1 such that we have
, where f † is the adjoint of f with respect to the metric h E , and the norm is induced by h E and dzdz. We set a holomorphic Hermitian vector bundle (Ẽ, ∂Ẽ, hẼ) on ∆(R) * × T 2 by (Ẽ, ∂Ẽ, hẼ) := (π * E, π * (∂ E ) + f dw, π * h E ). We write the curvature of the Chern connection of (Ẽ, ∂Ẽ, hẼ) as
Since (V, h, A) is an instanton, the ASD equation F (A) zz = −|z| −2 F (A) ww holds, where F (A) zz and F (A) ww are the components of the curvature F (A). Hence we have
Applying Corollary 5.5, we obtain
where δ is a positive number. Hence we have
Analytic degree for acceptable bundles on (P 1 , {0, ∞})
As a preparation to prove Theorem 5.11, by following [16] , we introduce the notion of analytic degree of acceptable bundles on (P 1 , {0, ∞}), and consider the relation between the parabolic degree and the analytic degree of acceptable bundles on (P 1 , {0, ∞}).
Let (E, ∂ E , h E ) be an acceptable holomorphic Hermitian vector bundle on C * . We assume that for any non-zero holomorphic section f of E on a neighborhood of 0 ∈ P 1 there exist C 1 > 0 and k 0 (f ) ∈ R such that we have an estimate
We also assume a similar condition at ∞ ∈ P 1 . For any holomorphic subbundle P 00 L of P 00 E, we set L := P 00 L| C * and h L be the Hermitian metric induced by h. We define the analytic degree and the parabolic degree of L by
where P * * L is the strict filtered subbundle given by P ab L := L ∩ P ab E.
Proposition 5.14. We have the equality deg(L, h E ) = 2π par-deg(P * * L).
Proof. By considering rank(L) E and det(L) instead of E and L, we may assume rank(L) = 1. Let e 0 , e ∞ be holomorphic frames of P 00 L on a neighborhood of 0, ∞ ∈ P 1 . We set a smooth function ψ : C * → R satisfying ψ(z) = ord(e 0 ) log |z| 2 (on a small neighborhood of 0 ∈ P 1 ) −ord(e ∞ ) log |z| 2 (on a small neighborhood of ∞ ∈ P 1 ) and set a metric h ′ E on (E, ∂ E ) by h ′ E := h E e ψ . We will denote by P ′ * * E, P ′ * * L the prolongation of E and L with respect to the metric h ′ E respectively. Then we have
Therefore, by replacing h E with h ′ E , we may assume par-deg(P * * L) = deg(P 00 L) and ord(e 0 ) = ord(e ∞ ) = 0. We take another metric h 1,L of P 00 L satisfying h 1,L (e 0 , e 0 ) = h 1,L (e ∞ , e ∞ ) = 1. We take a smooth function ϕ :
We consider the following lemma.
Lemma 5.15. The 2-form ∂∂ϕ is integrable on C * , and we have C * ∂∂ϕ = 0.
Once we admit this lemma, then we obtain the desired equality deg(L,
proof of Lemma 5.15. We set η := z −1 and take a metric g 1 on P 1 satisfying g 1 = dzdz on a small neighborhood of z = 0 and g 1 = dηdη on a small neighborhood of η = 0. We take a smooth function ρ : R → [0, 1] satisfying ρ(t) = 1 (|t| < 1/2) and ρ(t) = 0 (|t| > 1) and set χ N : C * → [0, 1] as χ N (z) := ρ(N −1 log |z| 2 ) for N ∈ N. Since χ N is a compact supported function, we have
Here we consider the following lemma.
Lemma 5.16. The integrands of the first to third term of rhs of (16) are dominated by an integrable functions independent of N . In particular, the dominated convergence theorem shows
If we admit this lemma, then we have lim N →∞ C * χ N ∂∂(ϕ) = 0. Therefore, ∂∂(ϕ) is integrable, and we have C * ∂∂ϕ = 0.
proof of Lemma 5.16. We calculate the derivatives of χ N , then
Thus, there exists C 2 > 0 independent from N such that on a small neighborhood of z = 0 we have
and on a small neighborhood of η = 0 we also have
Hence by (18) , (20) and the assumption of the norm of e 0 , e ∞ , there exist an integrable function dominating the first term of (16) and independent of N . To estimate the other terms, we prove the next lemma.
If we suppose that the lemma is true, by (17) and (19) we obtain an integrable function dominating the second and third terms of (16) 
Let ∇ be the Chern connection of (E, h E , ∂ E ). By definition of ϕ we have exp(−2ϕ) = |e 0 | 2 h E . Therefore we obtain |∂ exp(−2ϕ)| = |2∂ϕ| exp(−2ϕ) = |h E (∇ z e 0 , e 0 )| ≤ |e 0 | h E · |∇ z e 0 | h E , where we set ∇ =: ∇ z dz + ∇zdz. Hence we have |2∂ϕ| ≤ |e 0 | −1 h E · |∇ z e 0 | h E . By the norm estimate of e 0 , it suffices to prove that |(− log |z| 2 ) −k |∇ z (e 0 )| h E ∈ L 2 (∆), where k = k 0 (e 0 ). We take a smooth function a : R → [0, 1] satisfying a(t) = 0 (t > 1), a(t) = 1 (t < 1/2) and the condition that a 1/2 and a ′ · a −1/2 are also smooth. We set a function b N : ∆ * → R as
is a smooth function on ∆ * because of the definition of a. Moreover, there exists C 3 > 0 such that we have |∂(b N )b
We consider the following integral.
where dvol = √ −1dz ∧ dz. We have the following estimate on the first term of rhs.
For the second term, because of (E, ∂ E , h E ) is acceptable, there exists C 4 > 0 such that we have
For the third term, we also have
Therefore, there exist C 5 , C 6 > 0 such that
Thus, we obtain
where C 7 is a constant independent of N . Therefore, we conclude |∂(ϕ)| g 1 ∈ L 2 (C * , g 1 ).
Analytic degree and parabolic degree on R × T 3
In order to prove Theorem 5.11, we also consider the analytic degree of holomorphic subsheaves of L 2 -finite instantons on R × T 3 by following [16] .
Let F be a saturated O C * ×T 2 -submodule of (V, ∂ A ) and h F the induced metric of smooth part of F. We define the analytic degree of F by
where dvol C * ×T 2 is the volume form with respect to the Riemannian metric |z| −2 dzdz + dwdw. By the Chern-Weil formula in [23] , this can be written as
where π : V → F is the orthogonal projection.
) is finite if and only if the following conditions are satisfied.
(i) F can be extended to a saturated subsheaf P 00 F of P 00 V .
(ii) For any z ∈ C * , we have deg(F| {z}×T 2 ) = 0.
Proof. Assume that deg(F, h) is finite. We write ∂ = ∂ C * + ∂ T 2 . On one hand we have
Therefore, there exists a measurable subset A ⊂ T 2 such that |A| = |T 2 | and C * ×{w} |∂ C * π| 2 dvol C * < ∞ holds for any w ∈ A. According to [23, Lemma 10.5, Lemma 10.6], this is equivalent to the condition that F| C * ×{w} can be extended to a saturated subsheaf of P 00 V | P 1 ×{w} . Moreover, since A is a thick subset of T 2 , by [25, Theorem 4.5] F can be extended to a saturated subsheaf of P 00 V .
On the other hand, we have
Hence there exists a sequence {z i } on C * such that z i → ∞ and {z i }×T 2 |∂ T 2 π| 2 dvol T 2 → 0. We also have |F (A)| {z i }×T 2 → 0 by Corollary 3.4. Therefore, we have deg(F| {z i }×T 2 ) → 0 because of the Chern-Weil formula
Since deg(F| {z}×T 2 ) is a continuous and 2πZ-valued function, we conclude deg(F| {z}×T 2 ) = 0 for any z ∈ C * . Conversely, We assume (i) and (ii). We have
Here we use (ii) and (21), then we obtain
By Proposition 5.13, (V, ∂ A , h)| C * ×{w} satisfies the assumption in Proposition 5.14 for any w ∈ T 2 . Hence we have
Then par-deg((P * * F)| C * ×{w} ) is a constant on T 2 , and we have ||F (A)|| L 1 (R×T 3 ) < ∞ by Corollary 3.4. Therefore we obtain 0 ≤ −deg(F, h) < ∞.
, where P * * F is a filtered subsheaf defined by P ab F := P ab V ∩ F.
Proof. Since deg(F, h) is finite, F can be extended to the saturated subsheaf P 00 F of P 00 V by Lemma 5.19. We denote by B ⊂ T 2 the set of all w ∈ T 2 that P 00 F| P 1 ×{w} is a subbundle of P 00 V | P 1 ×{w} . Since T 2 is compact and P 00 F is saturated, T 2 \ B is a finite subset. By applying (ii) of Lemma 5.19, we have
By Proposition 5.13, (V, ∂ A , h)| P 1 ×{w} satisfy the assumption in Proposition 5.14. Hence we have
This is the desired equality.
Proof of Theorem 5.11
By Lemma 2.4, (det(V ), det(h), Tr(A)) is a flat Hermitian line bundle. Hence we have par-deg(P * * V ) = par-deg(P * * (det(V ))) = 0. It is proved in Proposition 5.9 that P ab V | {0}×T 2 and P ab V | {∞}×T 2 are semistable vector bundles of degree 0 for any a, b ∈ R. Let P * * F be a filtered subsheaf of P * * V satisfying 0 < rank(F) < rank(V ) and (1) in Definition 2.11. We may assume that P 00 F is saturated. We set F := P * * F| C * ×T 2 . Let U ⊂ R×T 3 be the maximal open subset such that F| U is a subbundle of V | U . Since P 00 F is a saturated subsheaf of P 00 V , (R × T 3 ) \ U is a finite subset. By Lemma 5.19 and Proposition 5.20, we have deg(F, h) = par-deg(P * * F). Therefore, par-deg(P * * F) ≤ 0 holds by the Chern-Weil formula. Moreover, if par-deg(P * * F) = 0 holds, then we have ∂π = 0. Hence F| U and (F| U ) ⊥ become instantons by the induced metric from h, and (V, h, A)| U = (F| U ) ⊕ (F| U ) ⊥ is a decomposition as instantons. Moreover, this decomposition is invariant under parallel transports. Thus it can be extended to the decomposition on whole R × T 3 . By repeating these arguments, we can prove that P * * V is polystable. In particular, if (V, h, A) is irreducible, then P * * V is stable. 
Some properties of Gr
. Let e (resp. e α ) be the C ∞ -frame of E (resp. E α ) which corresponds to v (resp. v α ). We will denote by P * V and P * E the prolongations of V over ∆(0) × T 2 and E over ∆(R) respectively, where ∆(s) := {z ∈ C | |z| < exp(−2πs)} and ∆(s) * := ∆(s) \ {0}. For a ∈ Par(P * E α ), we have the weight filtration {W i Gr a (P * E α )} i∈Z on Gr a (P * E α ) which is induced by the nilpotent part of Gr a (f α ) on Gr a (E α ). We set a holomorphic Hermitian vector bundle (
where e ′ = (e ′ i ) is a C ∞ -frame of E ′ on ∆(R) * . Let E ′ = E ′ α be the holomorphic decomposition induced by the eigen decomposition of Γw. We have
is also acceptable as (E α , h α , ∂ Eα ). Moreover, for a ∈ Par(P * E ′ α ) we also have the weight filtration {W i Gr a (P * E ′ α )} i∈Z on Gr a (P * E ′ α ) which is induced by the nilpotent part of Gr a (f ′ α ) on Gr a (E ′ α ). Proposition 5.21. There exists a holomorphic isomorphism Ψ : (E, h E , ∂ E ) → (E ′ , h E ′ , ∂ E ′ ) such that Ψ and Ψ −1 are bounded, and Ψ preserves the decompositions E = E α and E ′ = E ′ α . In particular, we have Par(P * E ′ α ) = Par(P * E α ) and the induced isomorphisms Ψ :
For an eigenvalue α ∈ C of Γw, let e ′ α be the subset of e ′ which spans E ′ α . We define Ψ 1,α : E α → E ′ α as Ψ 1,α (e α ) := e ′ α . Then we have ∂Ψ 1,α (e α ) = e ′ αετ ,α dz/z, whereετ = αετ ,α is the decomposition ofετ in Proposition 5.1 induced by the decomposition V | (−∞,−R)×T 3 = α V α in Corollary 5.4. Let b α = (b α,i ) and b ′ α = (b ′ α,j ) be holomorphic frames of P a E α and P a E ′ α respectively that they have the norm estimates in Proposition 5.13. We set a function K α = (K α,ij ) : ∆ * (R) → Mat(r α , C) as the change of basis ofz −1ετ ,α from the frames e α and e ′ α to the frames b α and b ′ α . Because of the estimate ofετ in Proposition 5.1 and the norm estimates of b α and b ′ α in Proposition 5.13, we have the following estimate
Therefore, according to [24, Lemma 7 .1] there exist functions S α,ij such that we have ∂(S α,ij ) = K α,ij dz, and it satisfies the following estimate
We set S α :
Then we have ∂S α =ετ ,α dz/z and |S α | = O((− log |z|) −δ ). Therefore, for some R ′ > R, Ψ α := Ψ 1,α − S α is a holomorphic isomorphism on ∆ * (R ′ ) such that Ψ α and Ψ −1 α are bounded. Finally, we set Ψ := ⊕ α Ψ α . Then Ψ is holomorphic isomorphism, and both Ψ and Ψ −1 are bounded. We write For a ∈ Par(P * E) = Par(P * E ′ ), the gradations Gr a (E) and Gr a (E ′ ) are skyscraper sheaves with the supports {0} ⊂ ∆(R), and f and f ′ induces the endomorphisms Gr a (f ) and Gr a (f ′ ) on Gr a (E) and Gr a (E ′ ) respectively. We regard (Gr a (E (′) ), Gr a (f (′) )) as a vector space with an endomorphism.
Corollary 5.22. From the isomorphism Ψ, we can construct an isomorphism (Gr
Proof. In Proposition 5.21, we proved that Ψ induces an isomorphism between Gr a (E α ) and Gr a (E ′ α ), and it also induces an isomorphism between their gradation of the weight filtrations. Therefore, the Jordan normal forms of Gr a (f ) and Gr a (f ′ ) are equivalent. Hence the proof is complete.
Algebraic Nahm transform
We set a hypersurface
Let P * * V be a stable filtered bundle of degree 0 and rank r > 1 on (P 1 × T 2 , D) unless otherwise noted. We set Sing R (P * * V ) := −Par(P * * V, 1) ∪ Par(P * * V, 2) ⊂ R, where −Par(P * * V, 1) := {a ∈ R | −a ∈ Par(P * * V, 1)}. We also set Sing S 1 (P * * V ) := π(Sing R (P * * V )) ⊂ S 1 , where π : R → S 1 is the quotient map.
Let L → T 2 ×T 2 be the Poincaré bundle of T 2 . For I ⊂ {1, 2, 3}, let p I be the projection of P 1 × T 2 ×T 2 onto the product of the i-th components (i ∈ I). We define a functor F i :
Proposition 5.23. The sheaves F 1 (P <−t<t V ) and F 1 (P −tt V ) are locally free for anyt ∈ R.
Proof. Let p : P 1 × T 2 → T 2 be the projection. By Proposition 2.12, we have
by the Riemann-Roch-Hirzebruch theorem.
Hence F 1 (P −tt V ) is a locally free sheaves onT 2 . By the same way we can prove that F 1 (P <−t<t V ) is also locally free.
We will denote by AN(P * * V )t the locally free sheaf F 1 (P −tt V ) fort ∈ R. Since we have P −(t+1) (t+1) V ≃ P −tt V , we can regard {AN(P * * V )t} as a family ont ∈ S 1 . Definition 5.24. We define the algebraic singularity set Sing(P * * V ) ⊂T 3 = S 1 ×T 2 as Sing(P * * V ) :=   t ∈Par(P * * V,1)
where Spec(·) is the spectrum set of a semistable bundle of degree 0 on T 2 (See Definition 2.14).
By Corollary 5.22, the notions of singularity set and algebraic singularity set are compatible.
Proposition 5.25. Let (V, h, A) be an irreducible L 2 -finite instanton on R × T 3 of rank r > 1, and P * * V be the associated stable filtered bundle. Then we have Sing(V, h, A) = Sing(P * * V ).
Proposition 5.26. Let I ⊂ R be a closed interval with |I| < 1 and π : R → S 1 be the quotient map. Let U ⊂T 2 be the complement of the image of π(I) ×T 2 ∩Sing(P * * V ) under the projection
Proof. We only need to prove the claim under the assumption I = [−ε, ε] for a positive number ε > 0. By extending I, we may assume that any points in Sing R (P * * V ) ∩ I are interior points of I. Hence we may assume either I ∩ Sing R (P * * V ) = ∅ or I ∩ Sing R (P * * V ) = {0}. Under this assumption, we will show that there exists the natural isomorphism
for anyt ∈ I. This isomorphism is obvious fort = 0, and a proof fort > 0 is also valid for t < 0. Hence we assumet > 0. Then, from the short exact sequence 0 → P −ε−ε V → P −tt V → 2 Gr 1 (P * * V ) → 0, we obtain the exact sequence
Here we have F 0 ( 2 Gr 0 (P * * V )) = 0 and F 1 ( 2 Gr 0 (P * * V ))| U = 0 from Corollary 2.15. Hence we obtain AN(P * * V )t| U ≃ F 1 (P −ε−ε V )| U .
Definition 5.27. We call this isomorphism the algebraic scattering map.
Corollary 5.28. The family {AN(P * * V )t}t forms a mini-holomorphic bundle (AN(P * * V ), ∂ AN , ∂ AN,t ) onT 3 \ Sing(P * * V ).
Definition 5.29. We call this construction the algebraic Nahm transform.
We prove that the Nahm transform and the algebraic Nahm transform are compatible.
Theorem 5.30. Let (V, h, A) be an irreducible L 2 -finite instanton of rank r > 1 on R × T 3 and P * * V the associated stable filtered bundle on (P 1 × T 2 , {0, ∞} × T 2 ). Then, the underlying miniholomorphic bundle (V , ∂Â, ∂V ,t ) of the Nahm transform (V ,ĥ,Â,Φ) of (V, h, A) is isomorphic to (AN(P * * V ), ∂ AN , ∂ AN,t ).
Proof. For a smooth manifold M and a vector bundle F on M , let C ∞ (F ) denote the sheaf of C ∞ -sections of F . If M is a complex manifold and F is a holomorphic bundle, then we also denote by O(F ) the sheaf of holomorphic sections of F . Let Ut ⊂T 2 be the complement of the image of Sing(V, h, A) ∩ ({t} ×T 2 ) under the projection mapT 3 →T 2 . We first construct an isomorphism (V , ∂Â)| {t}×Ut ≃ AN(P * * V )t| Ut for anyt ∈ S 1 . By replacing (V, h, A) with (V, h, A + 2π √ −1tdt), we may assumet = 0. From the short exact sequence 0 → P <0<0 V → P 00 V → 1 Gr 0 (P * * V ) ⊕ 2 Gr 0 (P * * V ) → 0, we obtain the exact sequence 0 → F 1 (P <0<0 V ) → AN(P * * V ) 0 → F 1 ( 1 Gr 0 (P * * V ) ⊕ 2 Gr 0 (P * * V )). Hence by the definition of U 0 , the isomorphism
L is acyclic for the functor p 3 * , we have an isomorphism
. Let V i be the flat bundle on T 2 which is the quotient of the product bundle C ∞ (P 1 × T 2 , Ω 0,i (P <0<0 V )) on Hom(R 2 , R) by Λ * 2 -action as in section 4. Then we have
On the other hand, for the normed vector space
. By Proposition 5.13, we obtain the natural inclusions
. In order to prove that ϕ is a quasi-isomorphism, we only need to prove that the specialization ϕ ξ :
is a quasi-isomorphism for any ξ ∈ U 0 . We will show this below in Proposition 5.32.
It remains to prove that the scattering map of (V ,ĥ,Â,Φ) and the algebraic scattering map of (AN(P * * V ), ∂ AN , ∂ AN,t ) are compatible under the isomorphism H 1 (ϕ). It suffices to show the following lemma.
Lemma 5.31. Let I = [−ε, ε] ⊂ R be a closed interval and ξ ∈T 2 with the condition (π(I) × {ξ}) ∩ Sing(V, h, A) = ∅. Fort ∈ I, we take ft ∈ AN(P * * V ) (t,ξ) ≃ H 1 (P 1 × T 2 , P −tt V ξ ) satisfying the condition that ft is a constant under the algebraic scattering map for anyt ∈ I. Then, H 1 (ϕ) (t,ξ) (ft) is a constant under the scattering map of (V ,ĥ,Â,Φ) for anyt ∈ I.
(Proof of Lemma 5.31). We may assume ξ = 0. As in section 4, we set V the flat vector bundle onT 3 which is the quotient of the product bundle L 2 (R × T 3 , S − ⊗ V ) on Hom(R 3 , R) by Λ * 3 -action. By using the orthogonal projection P : V|T 3 \Sing(V,h,A) →V , the equation of the scattering map can be written as follows:
By the assumption, there exists f ∈ H 1 (P 1 × T 2 , P −ε−ε V ) such that ft is the image of f under the natural isomorphism
Here the image of ft inV (t,0) is P (f ·|z| −t ). Hence the derivative is ∂tP (f ·|z| −t ) = P (∂t(f ·|z| −t )) = −P (f ·|z| −t ·log |z|). Therefore H 1 (ϕ) (0,t) (ft) satisfies the equation (22) , and this completes the proof.
L 2 -Dolbeault lemma
Let (V, h, A) be an irreducible L 2 -finite instanton and P * * V its prolongation. We assume a condition (0, 0) ∈ Sing(V, h, A). Let A 0,i (P <0<0 V ) denote the sheaf of smooth sections of Ω 0,i (P <0<0 V ). Then we have the natural isomorphism
where
For simplicity, we use the same symbol K for the chain map
Proof. Let q : P 1 × T 2 → P 1 be the projection. To show that K induces an isomorphismV (0,0) ≃ AN(P * * V ) (0,0) , we only need to prove that q * K is a quasi-isomorphism. Thus we consider the following lemma.
Lemma 5.33. For any z ∈ P 1 , (q * K) z is a quasi-isomorphism, where (q * K) z means the induced chain map between the stalks at z.
Once we admit the lemma, then q * K is a quasi-isomorphism and the proof is complete.
(Proof of Lemma 5.33 ). This lemma is trivial unless z = 0 or z = ∞, and the same proof works for both the cases z = 0 and z = ∞. Thus it suffices to consider only the case z = 0.
From Proposition 5.1, we take a sufficiently small neighborhood U of 0 ∈ P 1 , a frame v = (v i ) of V on U * × T 2 , and a model solution (Γ, N ) of the Nahm equation that they satisfy conditions in Proposition 5.1, where U * := U \{0}. Let (E, h E , ∂ E , f ) = α (E α , h Eα , ∂ Eα , f α ) be the holomorphic Hermitian vector bundle with the endomorphism on U * constructed from (V, h, A) in Corollary 5.5. Let e be the C ∞ -frame of E which corresponds to v. We take the sheaves A 0,i L 2 (E) and A 0,i (P <0 E) on U constructed from E and P <0 E in a similar way to A 0,i L 2 (V ) and A 0,i (P <0<0 V ). Then we have A 0,i
L 2 (E α ) and A 0,i (P <0 E) ≃ α A 0,i (P <0 E α ) because E α and E β are orthogonal for any α = β.
We write ∇ By using the Fourier series expansion, we set the bounded operator I : L 2 (U * × T 2 , V ) → L 2 (U * , E) by I(s) := e·s 0 (z), and set L 2 (U * ×T 2 , V ) ⊥ := Ker(I). Because of Remark 3.7 (i), we can construct the inverse operator G L 2 : 
By a similar way we can prove that (q * A 0, * (P <0<0 V )(U ), ∂ P <0 V ) is also quasi-isomorphic to Γ(U, P <0 (E 0 ))
By the assumption (0, 0) ∈ Sing(V, h, A), we can show any s ∈ Ker(∂ E 0 ) ∩ A 0,0 L 2 (E 0 )(U * ) decays exponentially in t → −∞. Hence we have Ker(∂ E 0 ) ∩ A 0,0 L 2 (E 0 )(U * ) = Γ(U, P <0 (E 0 )) and the proof is complete.
Correspondence between weights
As in Section 5, we assume that T 3 is isomorphic to the product of a circle S 1 = R/Z and a 2-dimensional torus T 2 = R 2 /Λ 2 as a Riemannian manifold. Let P * * V be a stable filtered bundle on (P 1 × T 2 , {0, ∞} × T 2 ) of deg(P * * V ) = 0 and of rank r > 1. Let (AN(P * * V ), ∂ AN , ∂ AN,t ) be the algebraic Nahm transform of P * * V . Let Sing 0 (P * * V ) ⊂T 2 be the image of Sing(P * * V ) ∩ {0} ×T 2 under the projectionT 3 = S 1 ×T 2 →T 2 . Let L → T 2 ×T 2 be the Poincaré bundle of T 2 . For I ⊂ {1, 2, 3}, let p I be the projection of P 1 × T 2 ×T 2 onto the product of the i-th components (i ∈ I). We define a functor F i : Coh(O P 1 ×T 2 ) → Coh(OT 2 ) to be F i (F) := R i p 3 * (p * 12 F ⊗ p * 23 L) as in subsection 5.4. Proposition 6.1. We take a positive number ε > 0 small enough to satisfy Sing(P * * V )∩ q([−ε, ε])× T 2 = {0} × Sing 0 (P * * V ), where q : R → S 1 be the quotient map. Then, we have the following.
• We have a sequence of injections
which is compatible with the algebraic scattering map.
• Under the above sequence of injections, we have the following isomorphisms:
AN(P * * V ) −ε ∩ AN(P * * V ) ε ≃ F 1 (P −ε−ε V ).
AN(P * * V ) −ε + AN(P * * V ) ε ≃ F 1 (P εε V ).
F 1 (P εε V )/AN(P * * V ) ε ≃ F 1 ( 1 Gr 0 (P * * V )) ≃ H 1 (FM( 1 Gr 0 (P * * V ))). F 1 (P εε V )/AN(P * * V ) −ε ≃ F 1 ( 2 Gr 0 (P * * V )) ≃ H 1 (FM( 2 Gr 0 (P * * V ))).
Here i Gr 0 (P * * V )) is the gradation of P * * V (See subsubsection 2.4.1), and FM(E) ∈ D b (Coh(OT 2 )) is the Fourier-Mukai transform of a coherent sheaf E on T 2 .
Proof. From the definition of stable filtered bundle on (P 1 × T 2 , {0, ∞} × T 2 ), i Gr 0 (P * * V ) (i = 1, 2) are semistable locally free sheaves on {0} × T 2 and {∞} × T 2 respectively. Therefore by Corollary 2.15 we have F 0 ( i Gr 0 (P * * V )) = H 0 (FM( i Gr 0 (P * * V ))) = 0. Hence by the short exact sequences 0 → P −ε−ε V → P ε−ε V → 1 Gr 0 (P * * V ) → 0 and 0 → P ε−ε V → P εε V → 2 Gr 0 (P * * V ) → 0, we have an inclusion of sheaves F 1 (P −ε−ε V ) ֒→ AN(P * * V ) −ε ֒→ F 1 (P εε V ). Since F 2 (P ε−ε V ) = 0 is shown in Proposition 5.23, we have F 1 (P εε V )/AN(P * * V ) −ε = F 1 ( 2 Gr 0 (P * * V )) = H 1 (FM( 2 Gr 0 (P * * V ))).
In a similar way, we obtain F 1 (P −ε−ε V ) ֒→ AN(P * * V ) ε ֒→ F 1 (P εε V ) and F 1 (P εε V )/AN(P * * V ) ε = F 1 ( 1 Gr 0 (P * * V )) = H 1 (FM( 1 Gr 0 (P * * V ))).
The compatibility with the algebraic scattering map is trivial by the definition of the algebraic scattering map. We consider the short exact sequence 0 → P −ε−ε V → P ε−ε V ⊕ P −εε V → P εε V → 0. Since Proposition 5.23 shows F 0 (P εε V ) = 0 and F 2 (P −ε−ε V ) = 0, we obtain the exact sequence 0 → F 1 (P −ε−ε V ) → AN(P * * V ) −ε ⊕ AN(P * * V ) ε → F 1 (P εε V ) → 0.
Therefore we have AN(P * * V ) −ε ∩ AN(P * * V ) ε ≃ F 1 (P −ε−ε V ), AN(P * * V ) −ε + AN(P * * V ) ε ≃ F 1 (P εε V ).
Let (V, h, A) be an irreducible L 2 -finite instanton of rank r > 1 and (V ,ĥ,Â,Φ) the Nahm transform of (V, h, A). For ξ ∈ Sing(V, h, A), let ρ ±,ξ be the representation of su(2) defined in Definition 3.6. For the irreducible decomposition ρ ±,ξ = m ±,ξ i=1 ρ ±,ξ,i , we set w ±,ξ := (rank(ρ ±,ξ,i )). We decompose the weight k = (k i ) ∈ Z rank(V ) of (V ,ĥ,Â,Φ) at ξ ∈ Sing(V, h, A) into the positive part k + and the negative part k − . Theorem 6.2. k ± agrees with ±w ±,ξ under a suitable permutation.
Proof. By considering V ξ = (V, h, A ξ ) instead of (V, h, A), we assume ξ = 0. By Proposition 6.1 and Proposition 2.10, k + (resp. k − ) is determined by the stalk at 0 ∈T 2 of H 1 (FM( 2 Gr 0 (P * * V ))) (resp. H 1 (FM( 1 Gr 0 (P * * V )))). Applying Proposition 5.1 to (V, h, A)| (0,∞)×T 3 and (V, h, A)| (−∞,0)×T 3 , we obtain the model solutions (Γ ± , N ± ) of the Nahm equation. We set Γ ±,τ dτ + Γ ±,w dw := ( i Γ ±,i dx i ) (0,1) and N ±,τ dτ + N ±,w dw := ( i N ±,i dx i ) (0,1) . We consider the following lemma. Lemma 6.3. Let X ±,0 be the eigenspace of Γ ±,τ of eigenvalue 0. The gradation i Gr 0 (P * * V ) (i = 1, 2) are isomorphic withẼ ± := X ±,0 × T 2 , ∂ T 2 + (Γ ±,w + N ±,w )| X ±,0 dw respectively.
If we admit this lemma, then by Corollary 2.15, the stalk H 1 (FM(Ẽ ± )) 0 is determined by the size of Jordan blocks of (Γ ±,w + N ±,w )| X ±,0 whose eigenvalues are 0. Since the size of Jordan blocks of (Γ ±,w + N ±,w )| X ±,0 whose eigenvalues are 0 is the rank of irreducible representations of su(2) contained in ρ ±,0 , hence k ± agrees with ±w ±,ξ with a suitable permutation.
(proof of Lemma 6.3). We may assume that any Γ i are diagonal. As in subsection 5.3, we take R > 0 and set the holomorphic Hermitian vector bundle with the endomorphism (E ′ ± , h E ′ ± , ∂ E ′ ± , f ′ ± ) on ∆ * (R) := {z ∈ C | 0 < |z| < exp(−2πR)} as follows:
(e ′ ± ) = e ′ Γ ±,τ + ((2π) −1 log |z|) −1 N ±,τ dz/(2πz) h E ′ ± (e ′ ±,i , e ′ ±,j ) = δ ij f ′ ± (e ′ ± ) = e ′ ± Γ ±,w + ((2π) −1 log |z|) −1 N ±,w ,
where e ′ ± = (e ′ ±,i ) is a C ∞ -frame of E ′ ± on ∆(R) * . We take a holomorphic frame b ′ ± = (b ′ ±,i ) of E ′ ± by b ′ ± := e ′ ± exp(−Γ ±,ττ − 2N ±,τ log(t)) = e ′ ± exp(−(2π) −1 Γ ±,τ log(z) − 2N ±,τ log((2π) −1 log |z|)). Then, we also set the holomorphic frame b ′′ ± = (b ′′ ±,i ) of P 0 E ′ by b ′′ ±,i := z −⌈ord(b ′ ±,i )⌉ b ′ ±,i , where ⌈α⌉ is the least integer satisfying ⌈α⌉ ≥ α. Hence we have P 0 f ′ (b ′′ ± ) = b ′′ ± exp(Γ ±,ττ +2N ±,τ log(t))(Γ ±,w + (log |z|) −1 N ±,w ) exp(−Γ ±,ττ −2N ±,τ log(t)) = b ′′ ± (Γ ±,w +N ±,w ). By Remark 3.7 (i), i Gr 0 (P * * V ) (i = 1, 2) is spanned by the subset of b ′′ ± that correspond to eigenvectors of Γ ±,1 of eigenvalue 0. By Corollary 5.22, i Gr 0 (P * * V ) (i = 1, 2) is isomorphic toẼ ′ ± := Gr 0 (P * E ′ ± ) × T 2 , ∂ T 2 + Gr 0 (P * f ′ ± )dw ≃ X ±,0 × T 2 , ∂ T 2 + (Γ ±,w + N ±,w )| X ±,0 dw respectively.
